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reactors, aircraft cabin insulation and thermal storage systems. This importance led to a lot of research in this field, 
especially in simple geometries. Kuehn and Goldstein [1] gave an extensive survey on natural convection between 
two horizontal concentric cylinders. These authors performed both experimental and theoretical-numerical studies 
for air and water at Rayleigh numbers (based on gap width ܮ) extending from ʹǤͳ ൈ ͳͲସ to ͻǤͺ ൈ ͳͲହ at a diameter 
ratio of ʹǤ͸. A numerical parametric study was carried out by Kuehn and Goldstein [2], in which the effects of the 
Prandtl number and the radius ratio on the heat transfer coefficient were investigated. 
Comparatively, little work has been conducted in more complex domains, such as the annulus between a square 
outer cylinder and a circular inner cylinder. Roychowdhury et al. [3] analyzed the natural convective flow and heat 
transfer features for a heated cylinder kept in a square enclosure with different thermal boundary conditions. Kumar 
De and Dalal [5] considered the problem of natural convection around a titled heated horizontal square cylinder 
placed inside an enclosure in the range of ͳͲଷ ൑ ܴܽ ൑ ͳͲ଺. Effects of the enclosure geometry have been assessed 
using three different aspect ratios resulting from placement of the square cylinder at different heights from the 
bottom.   
Kim et al. [6] investigated numerically the effect of the locations of the heated inner cylinder placed in a cooled 
square enclosure on the fluid flow and heat transfer for different Rayleigh numbers 103İ Ra İ 106. The immersed 
boundary method was implemented in a second-order accurate finite volume method to simulate the flow and heat 
transfer over an inner circular cylinder in the Cartesian coordinates.    
In the studies cited above, the walls of the enclosures are assumed to be of zero thickness and conduction in the 
walls is not accounted for. However, in many practical situations, conduction in the walls can have an important 
effect on the natural convection flow in the enclosure. Literature on conjugate problems is sparse. Cesini et al [7] 
performed the numerical and experimental analysis of natural convection from a horizontal cylinder enclosed in a 
rectangular cavity. The influence of the cavity aspect ratio and the Rayleigh number on the distribution of 
temperature and Nusselt number was investigated. As a result, the average heat transfer coefficients increase with 
increasing Rayleigh number. Dong and Li [8] studied wall conduction and air convection of conjugate heat transfer 
within complex enclosures using a vorticity-stream function method. Their investigation focused on the influence of 
thermal conductivity, Rayleigh number and geometry shape on heat and fluid flow. The results show that flow and 
heat transfer strongly depend on Rayleigh number and geometry shape, and that the increase of thermal conductivity 
of the thick wall increases the overall heat transfer within the cavity. Conjugate natural convection around a finned 
hot pipe placed in the center of a cold square enclosure of finite thickness side walls and with uniform internal heat 
generation was studied numerically by Ben-Nakhi and Chamkha [9]. They focused on the effects of the finned pipe 
inclination angle and fins length. Their results show that the finned pipe inclination angle and fins length can control 
the maximum temperature and extreme stream function difference.  
In this work, we seek to enhance thermal performance of a complex enclosure using solid inserts working like 
thermal insulators or acting as heat transfer promoters. Enhanced thermal performance means improved or reduced 
overall heat transfer, according to the desired purpose. In order to achieve this target, we performed a numerical 
analysis of conjugate natural convection and conduction in the above mentioned complex cavity. In the present case, 
the influence of several parameters on the heat transfer characteristics is considered i.e. thermal conductivity, 
position of the inserts, dimension and geometrical shape of the solid inserts, and thermal conductivity of the upper 
thick wall of the cavity. Analysis is carried out for Rayleigh numbers ranging from ͳͲଷ to ͳͲ଺. The dimensionless 
solid inserts size is taken as ͲǤͳǡ ͲǤʹǡ ͲǤ͵ and ͲǤͶ, while the dimensionless inserts conductivity is varied from ͲǤͳ to 
ͳͲͲ.  
2. Problem description and boundary conditions 
A schematic of the system considered in the present study is shown in Fig. 1 with all boundary conditions. The 
system consists of a square enclosure of side length ܮ, at the center of which is located a high temperature circular 
cylinder of constant temperature ݄ܶ and a diameter ݀. The vertical walls of the square enclosure are kept at constant 
low temperature ܶܿ whereas its upper horizontal wall has a finite thickness ݈ and two thermal conductivity ratios , 
݇ݓ ൌ ͲǤͳ and ͷǤͲ. The top boundary of this wall and the bottom wall of the cavity are maintained adiabatic. The 
solid inserts used here are of triangular shape ሺͶͷιݔͶͷιሻ of dimensionless size ߬ varying from ͲǤͳ to ͲǤͶ and of four 
thermal conductivity ratios ݇݅݊ ൌ ͲǤͳǡ ͳǤͲǡ ͳͲ and ͳͲͲ. In this study, it is assumed that, the radiation effects are 
negligible, and that the fluid properties are constant except for the density in the buoyancy term, which follows 
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Boussinesq approximation. The flow is considered steady, laminar and bi-dimensional. The enclosure is filled with 
air having a ܲݎ value of ͲǤ͹ͳ 
 
Nomenclature 
݀ diameter of hot cylinder (m) 
ܥ௣ specific heat at constant pressure 
݁ side length of solid inserts 
݃ gravitational acceleration 
݇  dimensionless thermal conductivity ratio solid/fluid 
݇௪ǡ ݇௜௡ thermal conductivity ratio of thick wall/fluid and solid inserts/fluid 
݇௙௟    thermal conductivity of fluid 
݇௜௡כ ǡ ݇௪כ  thermal conductivity of solid inserts and the upper wall 
݈ thickness of solid wall  
ܮ  side length the cavity 
ܰݑ௔௩௘   surface-averaged Nusselt number of the hot wall 
݌ǡ ܲ  dimensional and dimensionless pressure  
ܵ௖ circumference of hot cylinder 
ܲݎ  Prandtl number  
ܴܽ  Rayleigh number 
௛ܶǡ ௖ܶ hot and cold wall temperature 
ܶǡ തܶ dimensional and dimensionless temperature 
ݑǡ ݒ velocity components in ݔǡ ݕ directions 
ܷǡ ܸ  dimensionless velocity components in ܺǡ ܻ directions 
ݔǡ ݕ  dimensional Cartesian coordinates 
ܺǡ ܻ  dimensionless Cartesian coordinates 
Greek symbols 
ߙ  thermal diffusivity 
ߚ  coefficient of thermal expansion of the fluid 
ߥ kinematic viscosity of the fluid 
ߩ  density of the fluid 
ߜ  dimensionless thickness of the upper wall 
ɒ  dimensionless side length of solid inserts 
3. Governing equations 
The flow field is described by the incompressible Navier-Stokes equations and the energy equation. The 
Boussinesq approximation is invoked for the fluid properties. The non-dimensionalized form of the governing 
equations and the boundary conditions is obtained using the following dimensionless variables: 
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4. Numerical solution procedure 
The finite volume based software Fluent was used to solve the governing conservation equations “Eqs. (1)-(5)”, 
while the software Gambit was used for grid generation. The SIMPLE scheme as suggested in Patankar [12] was 
used to determine the pressure field. The QUICK scheme was used for the discretization of the convective terms in 
the momentum equations while a second order UPWIND scheme was used for discretizing the energy equations. A 
harmonic mean formulation, as described by Patankar [12], was used to give special treatment on the solid/fluid and 
solid/solid interfaces by taking care of the abrupt changes in the properties (݇  and ܲݎ ). The computation is 
terminated when the residuals for all governing equations get below ͳͲି଺.  
Due to the complexity of the problem, the calculation domain is covered with a non-uniform grid as shown in 
Fig. 2. In order to achieve the best possible precision of the results, seven grid experiments (͵Ͳ ൈ ͵͵ǡ ͸Ͳ ൈ
͸͸ǡ ͺͲ ൈ ͺͺǡ ͳͲͲ ൈ ͳͳͲǡ ͳʹͲ ൈ ͳ͵ʹǡ ͳͷͲ ൈ ͳ͸ͷ  and ʹͳͲ ൈ ʹ͵ͳ  with ʹͳͲ  elements on the cylinder for all 
experiments) were performed to determine the suitable grid size required for the numerical simulation for the case of 
ܴܽ ൌ ͳͲହ, ߬ ൌ ͲǤͲ (no solid inserts), ߜ ൌ ͲǤͳ. Similar grid-refinement experiments were carried out for the case 
ܴܽ ൌ ͳͲହ, ߬ ൌ ͲǤͶ (with solid inserts), ߜ ൌ ͲǤͳ. It was found that a ͳͷͲ ൈ ͳ͸ͷ grid size is sufficient for all the 
calculations of this study, because there is no much improvement after this grid size and the change occurs beyond 
the third decimal number of the average Nusselt number. The relative error in ܰݑ௔௩௘with successive mesh 
refinement is less than ͲǤͳΨ. 
Concerning the code validation, two checks were performed, to give more confidence in our numerical results. 
Table. 2 shows a comparison between the numerical results obtained by Shu and Zhu [9] and the present results for 
natural convection around a heated isothermal cylinder placed in the center of a cooled square cavity. The present 
results compare very well with those of Shu and Zhu [9]. The second validation is carried out for the case studied by 
Misra and Sarkar [10]. In their study, natural convection is computed in a square enclosure with a conducting 
vertical wall using the finite element method. The conducting vertical wall is of thickness ͲǤͳ and dimensionless 
conductivity of ͷǤͲ. As shown in Fig. 3, an excellent agreement is found between our results and those of Misra and 
Sarkar [10]. 
     Table 1. Comparison of present ܰݑ௔௩௘numbers with those of Shu and Zhu [9] for ݎ ൌ ͲǤʹܮ. 
Ra Current results  Shu and Zhu [9] Error % 
104 3.224 3.24 0.49 
105 4.894 4.86 -0.69 
106 8.901 8.9 -0.01 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig. 3. Comparison of current average Nusselt number with those of Misra and Sarkar for ݇௪ ൌ ͷǤͲ and ߜ ൌ ͲǤͳ 
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5. Results and discussion 
In order to enhance the thermal performance triangular solid inserts are placed at its inner corners. A parametric 
study has been performed for various sizes of these inserts ߬ ൌ ͲǤͳǡ ͲǤʹǡ ͲǤ͵ , and ͲǤͶ  and different thermal 
conductivity ratios ݇௜௡ ൌ ͲǤͳǡ ͳǡ ͳͲ and ͳͲͲ. Three possibilities of inserts were tried. The first one corresponds  to 
the case when solid inserts are fixed at all corners, the second possibility  corresponds  to the case when solid inserts 
are fixed at the upper left and lower right corners (UL-LR) only,  and the third possibility  corresponds  to the case 
when solid inserts are fixed at the upper right and lower left corners (UR-LL) only. The upper conducting wall of 
the cavity has a dimensionless thickness fixed at ߜ ൌ ͲǤͳ and dimensionless conductivity taking the value݇௪ ൌ
ͲǤͳ or the value 5.0. The Rayleigh number ranges from ͳͲଷto ͳͲ଺and the centered circular cylinder has a radius 
ݎ ൌ ͲǤʹܮ. 
5.1. Case1: Solid inserts Placed at all Inner Corners 
Taking the case of cavity with no inserts as reference case, the ܰݑ௔௩௘values found as a function of Ra and kw are 
as follows: 
• when ݇௪ ൌ ͲǤͳ,  ܰݑ௔௩௘ ൌ ͶǤ͹Ͷͻ for ܴܽ ൌ ͳͲଷ, ͷǤͲͳ͵ for ܴܽ ൌ ͳͲସ, ͺǤ͸ͳͷ for ܴܽ ൌ ͳͲହand ͳͷǤ͵͵Ͷ for 
ܴܽ ൌ ͳͲ଺ 
• when ݇௪ ൌ ͷǤͲ  ܰݑ௔௩௘ ൌ ͷǤͳ͸ͺ  for ܴܽ ൌ ͳͲଷ , ͷǤ͵ͺͲ  for ܴܽ ൌ ͳͲସ , ͺǤͻͺͻ  for ܴܽ ൌ ͳͲହ  and ͳͷǤͺͶ͵  for 
ܴܽ ൌ ͳͲ଺ 
Figs. 4 (a-d), present the variation of the average Nusselt number with the variation of dimensionless sizes of 
solid inserts for all kin and kw values when the inserts are located at all corners of the cavity. 
For ܴܽ ൌ ͳͲଷ, as shown in Fig. 4 (a), it is observed that, for both ݇௪values (ͲǤͳ and ͷǤͲ) when ݇௜௡ ൌ ͳ the 
ܰݑ௔௩௘ remains constant with the increase of inserts size ߬. Because, for this ܴܽ the conduction is the dominant 
mode of heat transfer. When ݇௜௡ ൌ ͲǤͳ, the ܰݑ௔௩௘decreases with the increase of inserts size ߬. Because, solid 
inserts of low thermal conductivity provide more insulation, which reduces the heat transfer rate, showing a 
maximal decrease on ܰݑ௔௩௘of ͶͳǤ͹ͳΨ and ͵ͶǤ͸ͺΨ for ݇௪ ൌ ͲǤͳ and ͷǤͲ, respectively at the limit of ߬ ൌ ͲǤͶ. As 
expected, with inserts of relatively high thermal conductivity (݇௜௡ ൐ ͳ) the average Nusselt number increases 
continually as ߬  increases. The maximum increases of ܰݑ௔௩௘ are Ͷ͸ǤͺͳΨ  and ͵͸Ǥͳ͵Ψ  for  ݇௪ ൌ ͲǤͳ  and ͷǤͲ , 
respectively when ݇௜௡ ൌ ͳͲ. And for ݇௜௡ ൌ ͳͲͲ are of ͷ͹ǤͻΨ and ͶͷǤ͸ͶΨ when ݇௪ ൌ ͲǤͳ and ͷǤͲ, respectively. 
The same trends were found for ܴܽ ൌ ͳͲସ, as shown in Fig. 4 (b), except for ݇௜௡ ൌ ͳ, it is seen a slight decrease in 
ܰݑ௔௩௘values as ߬ increases. Indicating that, the convection process has begun at this stage but still very weak 
compared to conduction. At ߬ ൌ ͲǤͶ a maximum decrease in ܰݑ௔௩௘ of ͶǤ͸͹Ψ is noticed for ݇௪ ൌ ͲǤͳ and ͵Ǥ͵ͻΨ 
for ݇௪ ൌ ͷǤͲ. When ݇௪ ൌ ͲǤͳ, increasing the thermal conductivity of inserts leads to increasing values of the 
ܰݑ௔௩௘of ͵ͻǤͷͷΨ and ͷͲǤͲʹΨ for  ݇௜௡ ൌ ͳͲ and ͳͲͲ respectively. When ݇௪ ൌ ͷǤͲ, The increases are of ͵ͳǤʹͳΨ 
and ͶͲǤ͵ʹΨ for ݇௜௡ ൌ ͳͲ and ͳͲͲ, respectively. The observed reduction in overall heat transfer for ݇௜௡ ൌ ͲǤͳ is 
Ͷ͵Ǥͻ͵Ψ and ͵͸ǤͷΨ for ݇௪ ൌ ͲǤͳ and ͷǤͲ, respectively. Figs. 4(c), (d) show the plots of ܰݑ௔௩௘for ܴܽ ൌ ͳͲହand 
ͳͲ଺, respectively. Similar findings to those of the previous case are found, for ݇௜௡ ൏ ͳ. But, a curved ܰݑ௔௩௘profile 
is noticed for both ܴܽ numbers, when the size of relatively high thermal conductivity (݇௜௡ ൐ ͳ) inserts increased for 
each ݇௪value. For ܴܽ ൌ ͳͲହ the maximum value of ܰݑ௔௩௘ ൌ ͺǤͺ͵Ͷ for ݇௜௡ ൌ ͳͲ  and ͻǤͲͺ for ୧୬ ൌ ͳͲͲ  for 
the same ݇௪ ൌ ͲǤͳand ߬ ൌ ͲǤʹ. When ݇௪ ൌ ͲǤͳ, the maximum values are ͻǤͲ͹͹ at ߬ ൌ ͲǤͳ and ͻǤʹ͹ͺ at ߬ ൌ ͲǤʹ 
for ݇௜௡ ൌ ͳͲ and ͳͲͲ, respectively. Beyond these ߬ values (߬ ൌ ͲǤͳ and ߬ ൌ ͲǤʹ), solid inserts of large dimensions 
inhibit the convection process which is the dominant mode of heat transfer at this value of ܴܽ. Thus, the heat 
transfer rate decreases with a maximal reduction of ͸Ǥ͹ͻΨ for ݇௜௡ ൌ ͳͲ and ݇௪ ൌ ͷǤͲ. The decreases in overall ܰݑ 
are of ͷͳǤͷʹΨ for ݇௜௡ ൌ ͲǤͳ, ʹͷǤͷͲΨ for ୧୬ ൌ ͳ both when ݇௪ ൌ ͲǤͳ; and of Ͷ͹ǤͲʹΨ for  ୧୬ ൌ ͲǤͳ , ʹͺǤͲʹΨ  
୧୬ ൌ ͳat ݇௪ ൌ ͷǤͲ. For  ୧୬ ൌ ͳ and over the range of all ߬ values, the reduction of ܰݑ௔௩௘ is of ʹͻǤͷͲΨ and 
ʹͺǤͲʹΨ for ݇௪ ൌ ͲǤͳ and ݇௪ ൌ ͷǤͲ, respectively.  
At ܴܽ ൌ ͳͲ଺, due to the increased flow intensity the ܰݑ௔௩௘ increases. The maximum values of ܰݑ௔௩௘  are of 
ͳͷǤͷͷͷ corresponding to ߬ ൌ ͲǤʹ for  ݇௜௡ ൌ ͳͲ and ݇௪ ൌ ͲǤͳ, ͳ͸ǤͷͶͶ for ߬ ൌ ͲǤͶ,  ୧୬ ൌ ͳͲͲ  and ݇௪ ൌ ͲǤͳ 
and of ͳ͸ǤͺͶͷ at ߬ ൌ ͲǤ͵ for  ݇௜௡ ൌ ͳͲͲand ݇௪ ൌ ͷǤͲ. When ݇௜௡ ൑ ͳ, the average Nusselt number decreases when 
߬ increases, with a maximal reduction of ͶͻǤͲ͹Ψ  and ͵ͳǤ͹͹Ψ  for ݇௜௡ ൌ ͲǤͳ  and ݇௜௡ ൌ ͳ , respectively, when 
݇௪ ൌ ͲǤͳ. For all previously discussed cases, it is noticed that the Nuave values for upper conducting wall of thermal 
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conductivity higher than that of working fluid are always above those for conducting wall of relatively low thermal 
conductivity up to a certain size (almost ͲǤͶ) of high thermal conductivity inserts. Beyond that inserts size the upper 
conducting wall has no effect, due to the fact that as insert length increases the free part of the upper wall reduces. 
5.2. Cases 2 and 3: Solid Inserts Placed at the Two Diagonal Corners 
Figs. 5(a -d), represent the variation of average Nusselt number as a function of inserts size for the two diagonal 
locations considered in this study (i., e. UL-LR and UR-LL corners). One can make the same observations as for the 
previous case. The major observation is that, there is no difference between the two positions; this could be due to 
the reason of the symmetric shape of the flow and thermal fields. The other findings are that the ܰݑ௔௩௘values for 
these two cases are always less than those found for case 1 when  inserts are placed at all corners(concerning the 
heat transfer enhancement or reduction). The reason for this reduction is that the blockage on the flow provided by 
ͻͲι angle is more when placing inserts at  UL-LR or UR-LL corners than that when placing inserts at  all corners 
(ͳ͵ͷι). Furthermore, the effective length of the cold walls contacting the fluid is ܮ ൅ ͲǤͺͺ݁ for case1 instead of 
ܮ ൅ ݁ for UL-LR or UR-LL cases. 
6. Conclusions 
The following conclusions can be drawn from the results of the present work: 
x The overall heat transfer rate increases (decreases) with the increase (decrease) of Rayleigh number and 
thermal conductivity ratios. 
x There is no difference between the two cases UL-LR and UR-LL of solid inserts for the same shape due to 
the symmetry of thermal and flow fields of this problem. 
x Placing solid inserts at the four inner corners of the enclosure is best whatever the purpose, if the enclosure 
acts like thermal insulating enhancer or acts like thermal performance enhancer. The maximum 
enhancement (insulation) in heat transfer is for all studied cases is ͷ͹ǤͻΨ (ͶͳǤ͹ͳΨ) for ܴܽ ൌ ͳͲଷ, ͷͲǤͲʹΨ 
Fig. 4.  Average Nusselt number plots as a function of dimensionless size of inserts Ĳ of triangular inserts for different Rayleigh number 
values, (a) ܴܽ ൌ ͳͲଷ, (b) ܴܽ ൌ ͳͲସ, (c) ܴܽൌͳͲͷ, (d) ܴܽ ൌ ͳͲ଺.
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(Ͷ͵Ǥͻ͵Ψ) for ܴܽ ൌ ͳͲସ, ͷǤ͵ͻΨ (ͷͳǤͲ͹Ψ) for ܴܽൌͳͲͷ and ͹ǤͺͻΨ (ͶͻǤͲ͹Ψ) for ܴܽ ൌ ͳͲ଺.  
.   The upper wall thermal conductivity has insignificant effect beyond certain limit of inserts size having 
relatively high thermal conductivity.  
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